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SMASHING LOCALIZATIONS IN EQUIVARIANT STABLE
HOMOTOPY
CHRISTIAN CARRICK
Abstract. We study how a smashing Bousfield localization behaves under
various equivariant functors. We show that the Real Johnson-Wilson theo-
ries ER(n) do not determine smashing localizations except when n = 0, and
we establish a version of the chromatic convergence theorem for the LER(n)-
chromatic tower. For G = Cpn , we construct equivariant Johnson-Wilson
theories E(J ) corresponding to thick tensor ideals J in G-spectra so that the
E(J ) do determine smashing localizations. We show that induced localiza-
tions upgrade the available norms for an N∞-algebra, and we determine which
new norms appear.
1. Introduction
Bousfield localization is one of the most important techniques in algebraic topol-
ogy. It allows one to focus on only the information that can be detected by a
given homology theory. This approach has simplified many computations and un-
derpins the modern conceptual descriptions of a wide range of phenomena in stable
homotopy theory.
Bousfield localization has proven to be just as crucial in equivariant homotopy
theory. In [8], Hill studies whether certain chromatic Bousfield localizations pre-
serve commutative ring spectra in the equivariant context. Just as in the nonequiv-
ariant context, certain Bousfield localization functors preserve homotopy colimits
and are therefore determined by where they send the sphere spectrum. These
localizations - called smashing localizations - are given by the formula
L(X) ≃ L(S0) ∧X
for any spectrumX . It is a fundamental fact in chromatic homotopy theory that the
Bousfield localization functors at the Johnson-Wilson spectra E(n) are all smashing
[16].
In this paper, we study in general how Bousfield localization functors in the
equivariant context behave under various change of group functors, most of which
send smashing localizations to smashing localizations. The exceptional case is that
of the induction functor
G+ ∧H (−) : Sp
H → SpG
for a subgroup H ⊂ G. We give a necessary and sufficient condition for a smash-
ing localization to be preserved by induction. When G = C2, the Johnson-Wilson
spectra have Real analogues ER(n), and using our analysis of induced localizations,
we show that these spectra do not determine smashing Bousfield localizations, ex-
cept when n = 0. We give a concrete description of these localization functors
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which leads to a version of the chromatic convergence theorem in this context,
namely that the real chromatic tower on a 2-local finite C2-spectrum X converges
to F (EC2+, X).
From the perspective of the thick tensor ideals J in SpG, a description of which
is given for G abelian in [3], one expects there to be a family of G-spectra E(J )
such that LE(J ) is smashing, J is the collection of finite acyclics of E(J ), and
the geometric fixed points of E(J ) at any subgroup is a nonequivariant E(n). In
Section 4, we construct these by hand for G = Cpn , and the generalized telescope
conjecture for SpG(p) then becomes the question of whether L
f
J → LE(J ) is an
equivalence for all J .
In Section 5, we observe that induced localizations tend to upgrade the norms
available in an N∞-algebra, and we determine exactly which new norms appear. In
particular, we find that ifH ⊂ G, O is anN∞-operad for the groupG, and E ∈ Sp
H
is such that LE preserves i
G
HO-algebras, then LG+∧HE upgrades O-algebras to
MapG(EFH ,O)-algebras, where EFH is the universal G-space corresponding to
the family of subgroups of G that are subconjugate to H . Moreover, we determine
the admissible sets for MapG(EFH ,O).
Notation and Conventions. In all that follows, G is a finite group. We will use
the letters H and K to denote subgroups. X,Y,E, and F will be used to denote
a spectrum, and Z will be used when referring to an acyclic. SpG will denote the
category of orthogonal G-spectra. [−,−]G will denote morphisms in the homotopy
category of SpG. If H ⊂ G and g ∈ G, gH := gHg−1.
Acknowledgments. We thank Mike Hill for suggesting the project and for his
constant guidance and support. We would also like to thank Paul Balmer for many
helpful conversations.
2. Equivariant Bousfield Classes
2.1. Equivariant categories of acyclics. In this section, we review the charac-
terization of acyclics given in [8].
Definition 2.1. If E is a G-spectrum, we let ZE denote the category of E-acyclics:
the full subcategory of SpG consisting of all Z such that E ∧ Z is equivariantly
contractible. We let LE denote the category of E-locals: the full subcategory
of SpG consisting of all X such that SpG(Z,X) ≃ ∗ for all Z ∈ ZE . We say
E,F ∈ SpG are Bousfield equivalent (denoted 〈E〉 = 〈F 〉) if ZE = ZF .
Since the geometric fixed point functors ΦH are strong monoidal and jointly
detect weak equivalences, this gives us a concrete way to describe ZE :
Proposition 2.2. ([8], Proposition 3.2) If Z ∈ SpG, then Z ∈ ZE if and only if
ΦH(Z) ∈ ZΦH (E) for all subgroups H ⊂ G:
ZE =
⋂
H⊂G
(ΦH)−1(ZΦH (E))
Proof. Z ∧ E ≃ ∗ if and only if ΦH(Z ∧E) ≃ ∗ for all H ⊂ G, but
ΦH(Z ∧ E) ≃ ΦH(Z) ∧ ΦH(E)

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Corollary 2.3. [8] Suppose E ∈ SpG has the property that ΦH(E) ≃ ∗ for all
H ⊂ G nontrivial, then ZE = Φ
{e}−1(ZΦ{e}(E)). That is, Z ∈ Sp
G is E-acyclic if
and only if its underlying spectrum is Φ{e}(E)-acyclic.
From this, we deduce a useful characterization of the Bousfield classes of the
Real Johnson-Wilson theories introduced by Hu-Kriz [12] and studied extensively
by Kitchloo-Wilson [13].
Corollary 2.4. Let ER(n) denote the n-th Real Johnson-Wilson theory, ÊR(n) the
Real Morava E-theory of [7], and E(n) the usual nonequivariant Johnson-Wilson
theory. Then
〈ER(n)〉 = 〈ÊR(n)〉 = 〈C2+ ∧ E(n)〉
Proof. These three C2-spectra all have contractible C2-geometric fixed points, and
the Bousfield classes of their underlying spectra agree. 
2.2. Smashing spectra and idempotent triangles. We review the theory of
smashing localizations - for more details see [1],[14], and [16]. We first recall the
following basic fact about Bousfield localization that we will use repeatedly.
Lemma 2.5. If E ∈ SpG is a ring spectrum, then any module M over E (e.g. E
itself) is E-local.
Proof. Let Z ∈ ZE , then any map f : Z →M factors as follows
Z M
E ∧ Z E ∧M
f
1E∧f
µM
but then E ∧ Z ≃ ∗, hence f is null. 
Definition 2.6. For E ∈ SpG, let LE denote the corresponding Bousfield localiza-
tion functor. We say that LE is a smashing localization or that E is a smashing
spectrum if the natural map
LE(S
0) ∧X → LE(S
0) ∧ LE(X)→ LE(X)
is an equivalence for all X ∈ SpG.
Recall that Bousfield localization at E determines for each X ∈ SpG a cofiber
sequence
ZE(X)
ψX
−−→ X
φX
−−→ LE(X)
with ZE(X) ∈ ZE and LE(X) ∈ LE , which is unique up to homotopy with respect
to these properties.
Proposition 2.7. The following characterizations of smashing localizations are
equivalent:
(1) LE is smashing.
(2) LE is closed under homotopy colimits.
(3) LE is closed under arbitrary coproducts.
(4) LE is a smash ideal. That is X ∈ LE, Y ∈ Sp
G =⇒ X ∧ Y ∈ LE .
(5) If R ∈ LE is a ring spectrum, every R-module is in LE.
(6) 〈E〉 = 〈LE(S
0)〉
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(7) ZE(S
0) ∧ LE(S
0) ≃ ∗
(8) (1LE(S0) ∧ φS0) : LE(S
0)→ LE(S
0) ∧ LE(S
0) is an equivalence.
(9) (1ZE(S0) ∧ ψS0) : ZE(S
0) ∧ ZE(S
0)→ ZE(S
0) is an equivalence.
Proof. For 1 ⇐⇒ 2 ⇐⇒ 3 see [14]. We show 1 =⇒ 4 =⇒ 5 =⇒ 6 =⇒ 1: If
LE is smashing, then if X ∈ LE and Y ∈ Sp
G,
X ∧ Y ≃ LE(X) ∧ Y ≃ LE(S
0) ∧X ∧ Y ≃ LE(X ∧ Y ) ∈ LE
If LE is a smash ideal, R ∈ LE is a ring spectrum, and M is an R-module, then
M is a retract of R ∧M , which must be local, and LE is closed under retracts.
Note that LE is always lax monoidal, hence LE(S
0) is always a ring spectrum in
LE . ZLE(S0) ⊂ ZE is clear, and assuming (5), Z ∈ ZE implies that Z ∧ LE(S
0) ∈
ZE , and as a module over LE(S
0), Z ∧ LE(S
0) ∈ LE , hence Z ∧ LE(S
0) ≃ ∗,
i.e. Z ∈ ZLE(S0). Now, since for any X ∈ Sp
G, X → LE(S
0) ∧ X becomes an
equivalence after smashing with E, to show LE is smashing, it suffices to show
LE(S
0) ∧ X ∈ LE . But since LE(S
0) is a ring spectrum, LE(S
0) ∧ X ∈ LLE(S0)
by Lemma 2.5, but LLE(S0) = LE , assuming (6). We refer the reader to [1] for
1 ⇐⇒ 7 ⇐⇒ 8 ⇐⇒ 9. 
Throughout this paper, we will prefer characterizations (6) and (8), as they
tend to make proofs more direct. Characterizations (7) − (9) were studied in a
more general setting by Balmer and Favi in [1], and we recall here some of their
definitions and results.
Definition 2.8. ([1], Definition 3.2) Let (T ,⊗,1) be a tensor-triangulated (tt-)
category (e.g. Ho(SpG)). We say that a distinguished triangle in T of the form
e
ψ
−→ 1
φ
−→ f → Σe
is an idempotent triangle if it satisfies any of the following equivalent conditions:
(1) e⊗ f = 0
(2) (1e ⊗ ψ) : e⊗ e→ e is an isomorphism.
(3) (1f ⊗ φ) : f → f ⊗ f is an isomorphism.
The relationship between idempotent triangles and smashing localizations is as
follows.
Definition 2.9. [1] Let T be a tt-category and J ⊂ T a thick tensor ideal. We
define
J⊥ = {t ∈ T : HomT (z, t) = 0 for all z ∈ J }
We say that J is a Bousfield ideal if for every t ∈ T , there exists a distinguished
triangle
et → t→ ft → Σft
such that et ∈ J and ft ∈ J
⊥. We say that J is a smashing ideal if J⊥ is a tensor
ideal.
Theorem 2.10. ([1], Theorem 3.5) If (T ,⊗,1) is a rigidly-compactly generated tt-
category, there is a 1-1 correspondence between isomorphism classes of idempotent
triangles and smashing ideals in T , wherein J as above corresponds to the triangle
e1 → 1→ f1 → Σe1
and an idempotent triangle
e→ 1→ f → Σe
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corresponds to the smashing ideal ker(−⊗ f).
Corollary 2.11. If (T ,⊗,1) = (Ho(SpG),∧, S0), there is a 1-1 correspondence
between isomorphism classes of idempotent triangles in T and smashing Bousfield
localizations LE.
Proof. By Proposition 2.7, each smashing LE determines the idempotent triangle
ZE(S
0)→ S0 → LE(S
0)→ ΣZE(S
0)
Conversely, if e → S0 → f → Σe is an idempotent triangle, then it follows that it
is isomorphic to
Zf (S
0)→ S0 → Lf(S
0)→ ΣZf(S
0)
and therefore corresponds to the smashing localization Lf . Indeed f is a ring
spectrum via the isomorphism f ⊗ f ∼= f , so f is f -local, and the map S0 → f is
therefore equivalent to the map S0 → Lf(S
0). 
Corollary 2.12. If E1, . . . , En ∈ Sp
G are all smashing, then so are E1 ∧ · · · ∧ En
and E1 ∨ . . . ∨ En. Moreover, ZE1∨···∨En(S
0) ≃ ZE1(S
0) ∧ · · · ∧ ZEn(S
0) and
LE1∧···∧En(S
0) ≃ LE1(S
0) ∧ · · · ∧ LEn(S
0).
Proof. It is shown in [1] that the tensor product gives the product in the category of
left idempotents, and the tensor product gives the coproduct in the category of left
idempotents. It follows from Theorem 2.10 then that the poset of smashing ideals
in SpG has meets and joins, and if E,F are smashing G-spectra, these correspond
to E ∨ F and E ∧ F respectively. 
3. Bousfield Localizations and Change of Group
In this section, we start with a G-spectrum E and explore the Bousfield local-
ization functors associated to the spectrum F (E) along various change of group
functors F . We explore whether F (E) is smashing, assuming that E is smashing.
3.1. The General Case. We first say as much as we can about the behavior
of localization functors along change of group functors F without assuming the
localizations are smashing.
Definition 3.1. Let i∗ : Sp → Sp
G denote the functor that sends a spectrum
to the corresponding G-spectrum with trivial action. For a subgroup H ⊂ G, let
iGH : Sp
G → SpH and G+∧H (−) : Sp
H → SpG denote the restriction and induction
functors respectively.
Proposition 3.2. For any E,X ∈ Sp, we have the following description of local-
ization functors:
(1) Li∗E(i∗X) ≃ i∗LE(X)
(2) LiG
H
E(i
G
HX) ≃ i
G
HLE(X)
Proof. i∗ and i
G
H are strong monoidal, hence the map i∗X → i∗LE(X) becomes an
equivalence after smashing with i∗E, and i
G
HX → i
G
HLEX becomes an equivalence
after smashing with iGHE. i∗LE(X) is i∗E-local because if Z ∈ Zi∗E , then
[Z, i∗LE(X)]
G ∼= [ZG, LE(X)]
hence it suffices to show that ZG ∈ ZE . But we have
ZG ∧ E ≃ (Z ∧ i∗E)G ≃ ∗
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iGHLE(X) is i
G
HE-local because if Z ∈ ZiG
H
E , then
[Z, iGHLE(X)]
H ∼= [G+ ∧H Z,LE(X)]
G
and G+ ∧H Z ∈ ZE , as
(G+ ∧H Z) ∧ E ≃ G+ ∧H (Z ∧ i
G
HE) ≃ ∗
by the Frobenius relation. 
From Proposition 2.2, it is not difficult in general to characterize the acyclics for
F (E) in terms of the acyclics for E, where F is one of our change of group functors
above. Characterizing the locals of F (E) in terms of the locals of E is much more
difficult. For restriction and induction, however, we can give a simple necessary
and sufficient condition.
Proposition 3.3. For any E ∈ SpG, Y ∈ SpH is iGHE-local if and only if G+∧H Y
is E-local.
Proof. If Y is iGHE-local, then if Z ∈ ZE , we have
[Z,G+ ∧H Y ]
G ∼= [iGHZ, Y ]
H = 0
Conversely, if Z ∈ ZiG
H
E , G+ ∧H ZiG
H
E ⊂ ZE implies that
0 = [G+ ∧H Z,G+ ∧H Y ]
G ∼= [Z, iGH(G+ ∧H Y )]
H
and since Y is a summand of iGH(G+ ∧H Y ), [Z, Y ]
H is a summand of 0. 
Definition 3.4. Let H ⊂ G, then we let FH be the family of subgroups of G
that are subconjugate to H - that is, FH is the smallest family of subgroups of G
containing H . We say a G-spectrum X is H-cofree if the canonical map
X → F (EFH+, X)
is an equivalence, where F (−,−) denotes the internal function spectrum in SpG,
and EFH is the universal G-space for the family FH . We simply say cofree when
H = {e}.
Proposition 3.5. If X ∈ SpG, then F (EFH+, X) ≃ LG/H+(X).
Proof. Since iGH(EFH+) ≃ S
0, it follows immediately that
X → F (EFH+, X)
becomes an equivalence after smashing with G/H+. F (EFH+, X) is G/H+-local
because if Z ∈ ZG/H+ so that i
G
HZ ≃ ∗, then
[Z,F (EFH+, X)]
G ∼= [Z ∧EFH+, X ]
G
It follows that Z ∧EFH+ ≃ ∗, and therefore this group vanishes. Indeed, if we let
T = {Y ∈ SpG : Z ∧ Y ≃ ∗}
then T is a localizing subcategory of SpG, and EFH+ is in the localizing subcat-
egory generated by {G/K+ : K ∈ FH}, so it suffices to show that G/K+ ∈ T for
all K ∈ FH . But G/K+ ∧ Z ≃ G+ ∧K i
G
KZ, and i
G
KZ ≃ ∗ for all K ∈ FH . 
Corollary 3.6. A map f : X → Y in SpG between H-cofree G-spectra is an
equivalence if and only if iGH(f) is an equivalence.
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Proof. In general, a map between E-locals is an equivalence if and only if it becomes
an equivalence after smashing with E. Letting E = G/H+ gives the result. 
Proposition 3.7. For any E ∈ SpH, X ∈ SpG is G+ ∧H E-local if and only if X
is H-cofree and iGHX is i
G
H(G+ ∧H E)-local.
Proof. SupposeX isG+∧HE-local. Clearly, ZG/H+ ⊂ ZG+∧HE and hence LG+∧HE ⊂
LG/H+ - that is, G+ ∧H E-locals are H-cofree. i
G
HX is i
G
H(G+ ∧H E)-local because
by Proposition 3.2,
iGHX ≃ i
G
HLG+∧HE(X) ≃ LiG
H
(G+∧HE)(i
G
HX)
Conversely, if X is H-cofree, then it suffices to show the map φX : X →
LG+∧HE(X) is an equivalence, and by Corollary 3.6, it suffices to show that i
G
H(φX)
is an equivalence. But iGH(φX) is the map
iGHX → LiG
H
(G+∧HE)(i
G
HX)

Remark 3.8. Since E is a retract of iGH(G+ ∧H E), we have ZiG
H
(G+∧HE) ⊂ ZE and
hence LE ⊂ LiG
H
(G+∧HE). For X to be G+ ∧H E-local, it is therefore sufficient for
X to be H-cofree and iGHX to be E-local.
The following are easy consequences of the double coset formula for iGH(G+∧HE).
Corollary 3.9. If H ⊂ G is normal, X ∈ SpG is G+ ∧H E-local if and only if X
is H-cofree and iGHX is
∨
[g]∈G/H
gE-local, where gE are the Weyl conjugates of E.
Corollary 3.10. If G is abelian, X ∈ SpG is G+ ∧H E-local if and only if X is
H-cofree and iGHX is E-local.
3.2. The Smashing Case. We now discuss how smashing localizations behave
under change of group functors. We first recall the following variant of the norm
functor NGH : Sp
H → SpG of [10]. Let NG/H : SpG → SpG denote the composition
NGH ◦ i
G
H , and for
T = G/H1 ⊔ · · · ⊔G/Hn
a finite G-set, we let NT : SpG → SpG denote the functor NG/H1 ∧ · · · ∧ NG/Hn .
We will also need the following description of how geometric fixed points interact
with the norm.
Proposition 3.11 ([8, Proposition B.209]). For any K,H ⊂ G, and for any E ∈
SpH, the diagonal gives an equivalence of spectra
ΦKNGHE
≃
−→
∧
[g]∈K\G/H
ΦK
g∩HE
Proposition 3.12. Let H ⊂ G be a subgroup. Smashing localizations are preserved
by the following change of group functors:
(1) If E ∈ Sp is smashing, then i∗E ∈ Sp
G is smashing.
(2) If E ∈ SpG is smashing, then iGHE ∈ Sp
H is smashing.
(3) If E ∈ SpG is smashing, then ΦH(E) ∈ Sp is smashing.
(4) Let f : G → G′ be a group homomorphism and f∗ : SpG
′
→ SpG the
induced functor. If E ∈ SpG
′
is smashing, then f∗E ∈ SpG is smashing.
8 CHRISTIAN CARRICK
(5) If E ∈ SpH is smashing, then NGHE is smashing.
(6) If E ∈ SpG is smashing, and T is a finite G-set, then NTE is smashing.
Moreover, for each functor F listed, we have LF (E)(F (X)) ≃ F (LE(X)).
Proof. In all cases, we have a smashing spectrum E and therefore a right idempotent
S0 → LE(S
0). If F is one of the functors listed, it is strong monoidal, and hence we
have a right idempotent S0 ≃ F (S0) → F (LE(S
0)). This determines a smashing
localization and it therefore remains to show that 〈F (LE(S
0))〉 = 〈F (E)〉. For (1),
the relation ΦH ◦ i∗ ≃ idSp for all H ⊂ G gives
〈ΦH(i∗LE(S
0))〉 = 〈LE(S
0)〉 = 〈E〉 = 〈ΦH(i∗E)〉 =⇒ 〈i∗LE(S
0)〉 = 〈i∗E〉
For (2), it is easy to check from the double coset formula and the Frobenius relation
that Z ∈ ZiG
H
LE(S0) ⇐⇒ (G+∧H Z)∧LE(S
0) ≃ ∗, which is true iff G+∧H Z ∈ ZE
since E is smashing. iGHE is shown to have the same acyclics by an identical
argument. For (3), suppose Z ∈ ZΦG(E). Then we have
[Z,ΦG(LE(S
0))] ∼= [i∗Z, E˜P ∧ LE(S
0)]G
∼= [E˜P ∧ i∗Z, E˜P ∧ LE(S
0)]G
∼= [E˜P ∧ i∗Z,LE(E˜P)]
G
since E is assumed smashing. But E˜P∧ i∗Z is easily seen to be an E-acyclic, hence
this group vanishes. For (4), ifH is any subgroup ofG′, the relation ΦH◦f∗ = Φf(H)
gives
〈ΦH(f∗LE(S
0))〉 = 〈Φf(H)LE(S
0)〉 = 〈LΦf(H)(E)(S
0)〉 = 〈Φf(H)(E)〉 = 〈ΦH(f∗E)〉
by applying case (3). For (5), Proposition 3.11 gives
〈ΦK(NGH (LE(S
0)))〉 = 〈
∧
[g]∈K\G/H
ΦK
g∩H(LE(S
0))〉
=
∧
[g]∈K\G/H
〈ΦK
g∩H(LE(S
0))〉
=
∧
[g]∈K\G/H
〈ΦK
g∩H(E)〉
= 〈ΦK(NGH (E))〉
for any subgroup K ⊂ G, again by applying case (3). For (6), if T = G/H , the
result follows by combining cases (2) and (5), and the general case follows from
Corollary 2.12. The final remark follows from the localizations being smashing, as
then the condition may be checked on the sphere spectrum. 
Remark 3.13. We needed to assume E is smashing in Proposition 3.12 to establish
that ΦG(LE(S
0)) is ΦG(E)-local, whereas with iGH and i∗, we could exploit the
existence of a left adjoint to get around this assumption. In fact, it is not necessarily
true that LΦG(E)(Φ
G(X)) ≃ ΦG(LE(X)) without this assumption. For example, if
G = C2, E = C2+, X = S
0, then the left hand side is a point, and the right hand
is (S0)tC2 . This example also shows us that the converse to case (3) of Proposition
3.12 is not true - i.e. we cannot detect whether E is smashing just by knowing that
ΦHE is smashing for all H ⊂ G
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Corollary 3.14. We have the following characterizations of local objects for smash-
ing localizations:
(1) If E ∈ SpG is smashing, X ∈ SpG is E-local if and only if ΦH(X) is
ΦH(E)-local for all H ⊂ G.
(2) If E ∈ Sp is smashing, X ∈ SpG is i∗E-local if and only if Φ
H(X) is
E-local for all H ⊂ G.
(3) If f : G → G′ is a group homomorphism, and E ∈ SpG
′
is smashing,
X ∈ SpG is f∗E-local if and only if ΦH(X) is Φf(H)(E)-local for all H ⊂ G.
(4) If H ⊂ G, and E ∈ SpH is smashing, X ∈ SpG is NGHE-local if and only if
for all K ⊂ G, and for all [g] ∈ K\G/H, ΦK(X) is ΦK
g∩H(E)-local.
Proof. For (1), X is E-local iff the map X → LE(X) is an equivalence, but since
the ΦH ’s jointly detect weak equivalences, this is true iff
ΦH(X)→ ΦH(LE(X)) ≃ LΦH(E)(X)
is an equivalence for all H , i.e. ΦH(X) is ΦH(E)-local for all H . The rest are
immediate consequences of (1). 
The norm is unique among the above functors in that it does not in general
preserve cofiber sequences. However, we have the following interesting corollary of
Proposition 3.12:
Corollary 3.15. If G is abelian, NGH preserves idempotent cofiber sequences. That
is, if e → S0 → f → Σe is an idempotent triangle in SpH, then NGH (e) → S
0 →
NGH(f) is a cofiber sequence in Sp
G such that
NGH (e)→ S
0 → NGH (f)→ ΣN
G
H (e)
is an idempotent triangle.
Proof. By Corollary 2.11, every idempotent triangle in SpH is of the form
ZE(S
0)→ S0 → LE(S
0)→ ΣZE(S
0)
We will show that the sequence
NGH (ZE(S
0))→ S0 → NGH(LE(S
0))
is equivalent to the idempotent cofiber sequence
ZNG
H
E(S
0)→ S0 → LNG
H
E(S
0)
Note that since NGH (∗) = ∗, N
G
H (−) sends the zero map to the zero map. There-
fore the composite NGH (ZE(S
0)) → S0 → NGH(LE(S
0)) is null, and so we have a
commutative diagram
NGH (ZE(S
0)) S0 NGH(LE(S
0))
ZNG
H
E(S
0) S0 LNG
H
E(S
0)
f = ≃
To show that f is an equivalence, it suffices to show that ΦK(f) is an equivalence for
all K ⊂ G, but if we apply ΦK(−) to the whole diagram, this follows immediately
from the fact that the top row becomes a cofiber sequence, and the two righthand
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vertical maps remain equivalences. To see that the top row becomes a cofiber
sequence, note that after applying ΦK(−) it can be identified with the sequence∧
[g]∈K\G/H
ΦK∩H(ZE(S
0))→ S0 →
∧
[g]∈K\G/H
ΦK∩H(LE(S
0))
by Proposition 3.11, where we have used that G is abelian so that Kg = K. By
Proposition 3.12, this may be further identified with∧
[g]∈K\G/H
ZΦK∩H (E)(S
0)→ S0 →
∧
[g]∈K\G/H
LΦK∩H(E)(S
0)
By Corollary 2.12, this is the idempotent cofiber sequence associated to ZΦK∩H (E),
as
〈ΦK∩H(E)〉 = 〈
∨
[g]∈K\G/H
ΦK∩H(E)〉 = 〈
∧
[g]∈K\G/H
ΦK∩H(E)〉
since ΦK∩H(E) is smashing. 
Remark 3.16. There is no hope of NGH preserving idempotent triangles because
NGH(S
1) ≃ SInd
G
H (1), and so applying NGH to the idempotent triangle
e→ S0 → f → Σe
yields the sequence of maps
NGH (e)→ S
0 → NGH (f)→ S
IndGH (1) ∧NGH (e)
which is not a distinguished triangle in SpG unless H = G or e ≃ ∗. We have only
shown that, when G is abelian,
NGH (e)→ S
0 → NGH (f)
is a cofiber sequence, and in particular the first two morphisms in an idempotent
triangle.
We now give a counterexample to the above claim in the general case when G is
not necessarily abelian.
Proposition 3.17. The functor NΣ3C2 : Sp
C2 → SpΣ3 does not preserve idempotent
cofiber sequences.
Proof. Consider the idempotent cofiber sequence
EC2+ → S
0 → E˜C2
in SpC2 . Applying NΣ3C2 yields the sequence
EFC3+ → S
0 → E˜P
which is not a cofiber sequence. 
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3.3. Induction and Smashing. By far the most interesting change of group func-
tor with respect to smashing localizations is induction, because it is not monoidal,
and hence we treat it separately. We find that induced G-spectra G+ ∧H E are
rarely smashing, though we give a necessary and sufficient condition for G+ ∧H E
to be smashing.
Proposition 3.18. Suppose H ⊂ G, and E ∈ SpH. Then G+ ∧H E is smashing if
and only if ΦK(LG+∧HE(S
0)) ≃ ∗ for all K /∈ FH and i
G
H(G+ ∧H E) is smashing.
Proof. Suppose G+ ∧H E is smashing, then any restriction of it is also smashing.
If K /∈ FH , let F be the family of subgroups of G consisting of subconjugates of
H and subconjugates of proper subgroups of K. That is, F is the smallest family
containing H and every proper subgroup of K. It follows that E˜F ∈ ZG/H+ ⊂
ZG+∧HE . Indeed, this is equivalent to the claim that i
G
HE˜F ≃ ∗, which follows
from the definition of F as (E˜F)H
′
≃ ∗ for all H ′ ⊂ H . Since G+ ∧H E is
smashing, ZG+∧HE = ZLG+∧H E(S0), so that
E˜F ∧ LG+∧HE(S
0) ≃ ∗ =⇒ iGKE˜F ∧ i
G
KLG+∧HE(S
0) ≃ ∗
Since F contains every proper subgroup of K, but not K itself (as K /∈ FH), we
have iGKE˜F ≃ E˜P , where the latter is the universalK-space for the family of proper
subgroups of K. This by definition implies ΦK(LG+∧HE(S
0)) ≃ ∗.
Conversely, suppose ΦK(LG+∧HE(S
0)) ≃ ∗ for all K /∈ FH and i
G
H(G+ ∧H E) is
smashing. To show LG+∧HE is smashing, it suffices to show that LG+∧HE is closed
under arbitrary coproducts (characterization (3) of Proposition 2.7). We note first
that if Y ∈ LG+∧HE , Y is a module over LG+∧HE(S
0), hence ΦK(Y ) ≃ ∗ for all
K /∈ FH . Let {Yi} be a set of G+ ∧H E-locals. Consider the map
φ :
∨
i
Yi → LG+∧HE
(∨
i
Yi
)
It suffices to show this map is an equivalence, and it becomes an equivalence after
applying ΦK for allK /∈ FH since it is the identity map of a point, up to equivalence.
If K ∈ FH , then gKg
−1 = H ′ for some g ∈ G and some H ′ ⊂ H . Since ΦK(−) ≃
ΦH
′
(−), it suffices to assume K ⊂ H , in which case ΦK factors through the functor
iGH , and i
G
H(φ) is the map∨
i
iGHYi → LiG
H
G+∧HE
(∨
i
iGHYi
)
This is an equivalence as iGH(G+∧H E) is assumed smashing and i
G
HYi is i
G
H(G+∧H
E)-local. 
Corollary 3.19. If H ⊂ G is normal, and E ∈ SpH is smashing, then G+ ∧H E
is smashing if and only if ΦK(LG+∧HE(S
0)) ≃ ∗ for all K /∈ FH.
Proof. This follows immediately from the previous proposition along with the ob-
servation that
〈iGH(G+ ∧H E)〉 = 〈
∨
[g]∈G/H
Eg〉 =
∨
[g]∈G/H
〈Eg〉
is a smashing Bousfield class by Corollary 2.12 since Eg is smashing for all g. 
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When H ⊂ G is normal, we arrive at a somewhat explicit formula for an induced
localization, which we can interpret as follows: induced smashing localizations are
smashing after cofree completion. When H = {e}, this can be further related to
the corresponding trivial localization.
Proposition 3.20. If H ⊂ G is normal, E ∈ SpH is smashing, and X ∈ SpG,
then LG+∧HE(X) ≃ LG/H+(LG+∧HE(S
0) ∧X) ≃ F (EFH+, LG+∧HE(S
0) ∧X).
Proof. The map
X → F (EFH+, LG+∧HE(S
0) ∧X)
is a G+ ∧H E equivalence since i
G
H(G+ ∧H E) is smashing, and the target is easily
seen to be G+ ∧H E-local from Proposition 3.7. 
Proposition 3.21. Let E ∈ Sp be any spectrum, and X ∈ SpG, then LG+∧E(X) ≃
F (EG+, Li∗EX)
Proof. The map X → F (EG+, Li∗EX) clearly becomes an equivalence after smash-
ing with G+ ∧ E, and the target is local by Proposition 3.7. 
Corollary 3.22. Let E ∈ Sp be a smashing spectrum, and X ∈ SpG then
LG+∧E(X) ≃ F (EG+, Li∗E(S
0) ∧X) ≃ F (EG+, i∗LE(S
0) ∧X)
Definition 3.23. Let ϕG : Sp→ Sp denote the functor
ϕG(X) = ΦG(F (EG+, i∗X))
Corollary 3.24. Let E ∈ Sp be a smashing spectrum, then G+ ∧E is smashing if
and only if ϕH(LE(S
0)) ≃ ∗ for all nontrivial subgroups H ⊂ G.
Proof. G+ ∧E is smashing iff Φ
H(LG+∧E(S
0)) ≃ ∗ for all nontrivial subgroups H ,
but
ΦH(LG+∧E(S
0)) ≃ ΦH(F (EG+, i∗LE(S
0)))
≃ ΦH(F (EH+, i∗LE(S
0)))
= ϕH(LE(S
0))

Corollary 3.25. Let E = E(n) at the prime p, then for all G such that p divides
|G|, G+ ∧ E is smashing if and only if n = 0.
Proof. When n = 0, E(0) = HQ = L0(S
0), and it is easy to see that HQtH ≃ ∗
for all H . The map of ring H-spectra E˜H → E˜P determines a natural transfor-
mation (−)tH → ϕH(−) that gives a map of ring spectra (R)tH → ϕH(R) for a
ring spectrum R. In particular ϕH(HQ) is an (HQ)tH -module, and is therefore
contractible.
If n > 0, then G has an element of order p and hence if G+ ∧E were smashing,
we would necessarily have ϕCp(Ln(S
0)) ≃ (Ln(S
0))tCp ≃ ∗. However, we know
from [11] that this Tate spectrum is not contractible. 
We end this section with an example illustrating the necessity of the normality
conditions in Corollary 3.19 and Proposition 3.20. It shows that if E ∈ SpH , then
E and iGH(G+ ∧H E) are not always Bousfield equivalent, and E being smashing
does not always guarantee that iGH(G+ ∧H E) is smashing.
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Proposition 3.26. Let G = Σ4 and H = D8 = 〈(1234), (13)〉 ⊂ Σ4. Let
E˜F〈(1234)〉 be the D8-space as in Definition 3.4 for the subgroup 〈(1234)〉 ⊂ D8.
Then E˜F〈(1234)〉 is a smashing D8-spectrum, but i
Σ4
D8
(Σ4+ ∧D8 E˜F〈(1234)〉) is not
smashing.
Proof. We have
D8 = {e, (13)(24), (12)(34), (14)(23), (1234), (1432), (13), (24)} ⊂ Σ4
D8\Σ4/D8 = {D8, D8(12)D8}
(12)D8 = {e, (13)(24), (12)(34), (14)(23), (1342), (1243), (14), (23)}
D8 ∩
(12)D8 = {e, (13)(24), (12)(34), (14)(23)} = V4
Therefore we have
iΣ4D8Σ4+ ∧D8 E˜F〈(1234)〉 = E˜F〈(1234)〉 ∨
(
D8+ ∧V4 i
(12)D8
V4
(
(12)E˜F〈(1234)〉
))
(12)E˜F〈(1234)〉 is the universal
(12)D8 space E˜F〈(1342)〉, and hence i
(12)D8
V4
(
(12)E˜F〈(1234)〉
)
is the universal V4-space E˜F〈(14)(23)〉. Therefore we may write
iΣ4D8Σ4+ ∧D8 E˜F〈(1234)〉 = E˜F〈(1234)〉 ∨
(
D8+ ∧V4 E˜F〈(14)(23)〉
)
We now assume for the sake of contradiction that this D8-spectrum is smashing,
and therefore any restriction of it is smashing, hence we restrict to 〈(1234)〉 ∼= C4
to get a smashing C4-spectrum
iD8〈(1234)〉
(
E˜F〈(1234)〉 ∨
(
D8+ ∧V4 E˜F〈(14)(23)〉
))
≃ iD8〈(1234)〉
(
D8+ ∧V4 E˜F〈(14)(23)〉
)
One checks that
〈(1234)〉\D8/V4 = {〈(1234)〉eV4}
and
〈(1234)〉 ∩ V4 = 〈(13)(24)〉
so that
iD8〈(1234)〉
(
D8+ ∧V4 E˜F〈(14)(23)〉
)
≃ 〈(1234)〉+ ∧V4∩〈(1234)〉 i
V4
V4∩〈(1234)〉
E˜F〈(14)(23)〉
≃ 〈(1234)〉+ ∧〈(13)(24)〉 E˜F〈(14)(23)〉∩〈(13)(24)〉
≃ C4+ ∧C2 E˜C2
Now E˜C2 is a smashing C2-spectrum, and so by Corollary 3.19, C4+ ∧C2 E˜C2 is a
smashing C4-spectrum if and only if
ΦC4(LC4+∧C2 E˜C2
(S0)) ≃ ∗
and the proof of Proposition 3.20 shows that LC4+∧C2 E˜C2
(S0) = F (EP+, E˜C4).
Letting q : C4 → C2 be the quotient map, using the fact that the composite functor
SpC2
q∗
−→ SpC4
E˜C4∧−−−−−−→ E˜C4 ∧ Sp
C4
is a symmetric monoidal equivalence of categories, we have
E˜C4 ∧ q
∗(E˜C2 ∧ F (EC2+, S
0)) ≃ E˜C4 ∧ q
∗(E˜C2) ∧ F (E˜C4 ∧ q
∗(EC2+), E˜C4 ∧ q
∗(S0))
≃ E˜P ∧ F (EP+, E˜C4)
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Applying ΦC4 to both sides, we have
ΦC4(F (EP+, E˜C4)) ≃ (S
0)tC2
which is, in particular, not a contractible spectrum. 
4. Consequences for Real Chromatic Spectra
4.1. Smash Product and Chromatic Convergence Theorems. The results
of Section 3 can be used to show that many of the classical theorems in chromatic
homotopy hold in Real-chromatic homotopy only up to cofreeness. The results in
this section were the questions that prompted this paper.
Theorem 4.1. If n > 0, then N
C
2k
C2
ER(n) is not smashing for all k > 0. Note
when k = 1, this is just ER(n).
Proof. It is shown in [10] that ΦH(N
C
2k
C2
ER(n)) ≃ ∗ for all H nontrivial, hence as
in 2.4, we have
〈N
C
2k
C2
ER(n)〉 = 〈C2k+ ∧ E(n)〉
and now the result follows from Corollary 3.22. 
Theorem 4.2. If X is a 2-local finite C2k -spectrum, we have a diagram
X F (EC2k+, X)
lim
←−
L
N
C
2k
C2
ER(n)
(X)
≃
That is, the Real-Chromatic tower converges to the cofree part of a finite C2k -
spectrum.
Proof. The category of cofree C2k -spectra is stable under homotopy limits, hence
there exists a unique up to homotopy vertical map making the above diagram
commute. As a map between cofree C2k -spectra, it is an equivalence if and only if
it induces an underlying equivalence. The underlying map is an equivalence by the
nonequivariant chromatic convergence theorem (see [16]). 
4.2. Smashing Cpn-Spectra. In light of Theorem 4.1, a natural question from
here is then if the ER(n) are not smashing, can we construct equivariant spectra
analogous to the E(n) that are smashing? Said another way, every thick tensor
ideal in Spc is simply the collection of finite acyclics of one of the E(n)’s, so we
may ask if a similar statement is true for (SpG)c, and we can give a positive answer
when G = Cpn . The following theorem was proven in the case n = 1 by Balmer
and Sanders [2], and for n > 1 by Barthel, Hausmann, Naumann, Nikolaus, Noel,
and Stapleton [3].
Theorem 4.3. [2],[3] The thick tensor ideals in (Sp
Cpn
(p) )
c are precisely the subcat-
egories of the form
{X ∈ (Sp
Cpn
(p) )
c : ΦCpi (X) ∈ ZE(mi)}
where mi ≤ mi+j + 1 for all 0 ≤ i ≤ n− 1 and 1 ≤ j ≤ n− i.
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Therefore for G = Cpn , the above question becomes: for a sequence of natural
numbersm0, . . . ,mn with mi ≤ mi+j+1 for all 0 ≤ i ≤ n−1 and 1 ≤ j ≤ n−i, can
we build a smashing G-spectrum E(m0, . . . ,mn) so that Φ
C
pi (E(m0, . . . ,mn)) ≃
E(mi)? It is easy to build E(m0, . . . ,mn) with the stated geometric fixed points
since we may assume by induction that E(m1, . . . ,mn) ∈ Sp
C
pn−1 exists with the
stated geometric fixed points, and then set
E(m0, . . . ,mn) := (ECpn+ ∧ i∗E(m0)) ∨ (E˜Cpn ∧ q
∗E(m1, . . . ,mn))
where q : Cpn → Cpn−1 is the quotient map. It is not obvious that this spectrum is
smashing, but using Proposition 2.2 and the methods of Section 3, we can build a
different representative of the same Bousfield class that is manifestly smashing.
We do not know if there is a way to construct such spectra that are not split
as above - e.g. from MUG directly. However, what follows would show that any
such construction produces a smashing G-spectrum, since it would be Bousfield
equivalent to the ones we construct. We begin with the case n = 1.
Proposition 4.4. For every pair of natural numbers m0,m1 satisfying m0 ≤ m1+
1, there is a smashing Cp-spectrum E(m0,m1) with the property that
〈ΦCpi (E(m0,m1))〉 = 〈E(mi)〉
for i = 0, 1.
Proof. Setting E(m0,m1) = (Cp+ ∧ E(m0)) ∨ (E˜Cp ∧ i∗E(m1)), one checks easily
the claim about Bousfield classes. It suffices to show that for any family {Yi} of
E(m0,m1)-locals, the map
φ :
∨
i
Yi → Lm0,m1
(∨
i
Yi
)
is an equivalence. It induces an underlying equivalence as i
Cp
{e}◦Lm0,m1 ≃ Lm0 ◦i
Cp
{e},
so it suffices to show ΦCp(φ) is an equivalence. If we knew that ΦCp(Lm0,m1(S
0))
were E(m1)-local, then Φ
Cp(Lm0,m1(Y )) would be E(m1)-local for any Y , as a
module over an E(m1)-local ring spectrum. But then Φ
Cp(φ) would be an E(m1)-
equivalence between E(m1)-locals.
From Section 3, we have
LCp+∧E(m0)(X) ≃ F (ECp+, i∗Lm0(S
0) ∧X)
LE˜Cp∧i∗E(m1)(X) ≃ E˜Cp ∧ i∗Lm1(S
0) ∧X
It follows that LCp+∧E(m0) ◦ LE˜Cp∧i∗E(m1) ≃ ∗, and hence by a general argument
(see [4]), there is a natural homotopy pullback square
Lm0,m1(X) F (ECp+, i∗Lm0(S
0) ∧X)
E˜Cp ∧ i∗Lm1(S
0) ∧X E˜Cp ∧ i∗Lm1(S
0) ∧ F (ECp+, i∗Lm0(S
0) ∧X)
16 CHRISTIAN CARRICK
Setting X = S0, and applying ΦCp(−), we have a homotopy pullback square
ΦCp(Lm0,m1(S
0)) Lm0(S
0)tCp
Lm1(S
0) Lm1(Lm0(S
0)tCp)
and by the main result of [11], the right hand map is an equivalence if m0 ≤
m1 + 1. 
Theorem 4.5. For every sequence of natural numbers m0, . . . ,mn satisfying mi ≤
mi+j +1 for all 0 ≤ i ≤ n− 1 and 1 ≤ j ≤ n− i, there is a smashing Cpn-spectrum
E(m0, . . . ,mn) with the property that
ΦCpi (E(m0, . . . ,mn)) ≃ E(mi)
for all 0 ≤ i ≤ n.
Proof. We proceed by induction on n, and we may assume n > 1 by the previous
proposition. As stated above, it suffices to show there is a spectrum E(m0, . . . ,mn)
with the property that
〈ΦCpi (E(m0, . . . ,mn))〉 = 〈E(mi)〉
for all i. There are 3 cases to check:
(i) m0 = m1: By induction, we may assume there is a smashing Cpn−1 -spectrum
E(m1, . . . ,mn) with the stated properties. Let q : Cpn → Cpn−1 be the usual quo-
tient map. Then E(m0, . . . ,mn) := q
∗E(m1, . . . ,mn) is a smashing Cpn -spectrum
and
ΦCpi (q∗E(m1, . . . ,mn)) =
{
ΦCpi−1 (E(m1, . . . ,mn)) i > 0
Φ{e}(E(m1, . . . ,mn)) i = 0
(ii) m0 < m1. Here we set
E(m0, . . . ,mn) := i∗E(m0) ∨ (E˜Cpn ∧ q
∗E(m1, . . . ,mn))
This is a smashing Cpn -spectrum as the intersection of smashing ideals is always
smashing ([1, Proposition 3.11]), and we have
ΦCpi (E(m0, . . . ,mn)) =
{
E(m0) ∨ Φ
C
pi−1 (E(m1, . . . ,mn)) i > 0
E(m0) i = 0
Note however that m0 ≤ mi for all i > 0 as mi ≥ m1 − 1 for all i > 1, hence
〈E(m0) ∨ E(mi)〉 = 〈E(mi)〉.
(iii) m0 = m1 + 1. Since we have assumed n > 1, we can form the smashing
Cpn -spectrum
E(m0, . . . ,mn) := N
Cpn+1
Cp
E(m0,m1) ∨ (E˜Cpn ∧ q
∗E(m1, . . . ,mn))
and we have
ΦCpi (E(m0, . . . ,mn)) =
{
ΦCp(E(m0,m1))
∧k(i) ∨ΦCpi−1 (E(m1, . . . ,mn)) i > 0
E(m0)
∧pn−1 i = 0
where k(i) is some positive integer that won’t affect the Bousfield class. Note that
since m0 = m1 + 1, mi ≥ m1 for all i > 0, hence we have
〈ΦCpi (E(m0, . . . ,mn))〉 = 〈E(m1)〉 ∨ 〈E(mi)〉 = 〈E(mi)〉
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for i > 0, and
〈Φ{e}(E(m0, . . . ,mn))〉 = 〈E(m0)
∧pn−1〉 = 〈E(m0)〉
Here we have used that ring spectra are retracts of their smash powers and hence
determine the same Bousfield class as their smash powers. 
Remark 4.6. The statement of the telescope conjecture for SpG(p) is that the spectra
in Theorem 4.5 give a complete list of the smashing spectra in SpG(p), up to Bousfield
equivalence.
5. Consequences for Localizations of N∞-algebras
The results of Section 3 can also be used to describe the interaction between
induced Bousfield localizations and algebras over N∞-operads. Let E ∈ Sp
G and
let ZE denote the nonunital symmetric monoidal coefficient system of E-acyclics.
That is, ZE is the contravariant functor from the orbit category OG to nonunital
symmetric monoidal categories with values
ZE(G/H) = ZiG
H
E
We now recall the following theorem of Hill-Hopkins [9] and Gutierrez-White [6]:
Theorem 5.1. [9],[6] Let O be an N∞-operad for the group G, and E ∈ Sp
G.
Then LE(−) preserves O-algebras if and only if for all K ⊂ H ⊂ G such that H/K
is an admissible H-set of O,
NH/K(ZE(G/H)) ⊂ ZE(G/H)
Proposition 5.2. Let O be an N∞ operad for the group G. If H ⊂ G and E ∈ Sp
H
is such that LE(−) preserves i
G
HO-algebras, then LG+∧HE(−) preserves O-algebras.
Proof. Let K ′ ⊂ K ⊂ G be such that K/K ′ is an admissible K-set for O, then we
must show that
NK/K
′
ZG+∧HE(G/K) ⊂ ZG+∧HE(G/K)
We first note that
iGKG+ ∧H E =
∨
[g]∈K\G/H
K+ ∧K∩gH i
gH
K∩gH(
gE)
hence Z ∈ ZG+∧HE(G/K) ⇐⇒ i
K
K∩gHZ ∈ Zig H
K∩g H
(gE) for all g ∈ G. We therefore
assume that iKK∩gHZ ∈ Zig H
K∩g H
(gE), and we must show that i
K
K∩gHN
K/K′(Z) ∈
Zig H
K∩g H
(gE), but we have
iKK∩gHN
K/K′(Z) =
∧
[h]∈(K∩gH)\K/K′
NK∩
gH
(K∩gH)∩h(K′)i
h(K′)
(K∩gH)∩h(K′)
(h(iKK′Z))
This smash product is in Zig H
K∩g H
(gE) if any of its factors is, hence we may take
h = e so that it suffices to show that
NK∩
gH
(K∩gH)∩K′i
K′
(K∩gH)∩K′(i
K
K′Z) = N
(K∩gH)/((K∩gH)∩K′)(iKK∩gHZ) ∈ Zig H
K∩g H
(gE)
Since O admits K/K ′, O admits (K ∩g H)/((K ∩g H) ∩K ′) since the admissible
sets for O are closed under restriction in this way. But then if we knew that LgE
preserves iGgHO-algebras, Theorem 5.1 would guarantee that Zig H
K∩g H
(gE) is closed
under this norm.
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But the fact that
LE(−) preserves i
G
HO-algebras =⇒ LgE(−) preserves i
G
gHO-algebras
follows easily from the fact that the admissible sets for O are closed under conjugacy
along with the observations
NK/K
′
Z ∧ iHKE ≃ ∗ ⇐⇒ N
gK/g(K′)(gZ) ∧ i
gH
gK(
gE) ≃ ∗
Z ∧ iHKE ≃ ∗ ⇐⇒
gZ ∩ i
gH
gK(
gE) ≃ ∗
which follow from the fact that g(−) : SpH → Sp
gH is a symmetric monoidal
equivalence of categories. 
Corollary 5.3. If H ⊂ G, and E ∈ SpH is such that LE(−) preserves H-
commutative rings, then LG+∧HE(−) preserves G-commutative rings.
We will see now that the situation is actually better than this: induced localiza-
tions automatically upgrade the available norms for an N∞-algebra, and we make
this precise using the results of Section 3. We may give EFH the trivial Σn-action,
and as such it becomes the universal G× Σn-space for the family
FH×Σn := {Λ ⊂ G× Σn : pr1(Λ) ∈ FH}
where pr1 : G× Σn → G is the projection onto the first factor. It is easy to check
that if X is any G × Σn-space, then if we give the G-space MapG(EFH , X) a
G × Σn-action by postcomposing with the action of Σn on X , this is isomorphic
as a G × Σn-space to MapG×Σn(EFH , X), where EFH has trivial Σn action as
above. If O is any N∞-operad for the group G, it follows that MapG(EFH ,O) is
as well. Moreover, if R is an algebra over O, then F (EFH+, R) is an algebra over
MapG(EFH ,O). Propositions 3.7 and 5.2 together give:
Corollary 5.4. If R ∈ SpG, E ∈ SpH, and O is an N∞ operad for the group G
such that R is an O-algebra and LE preserves i
G
HO-algebras, then LG+∧HE(R) is a
MapG(EFH ,O)-algebra.
In the situation of the corollary, we find that R acquires more norms after lo-
calizing at G+ ∧H E since MapG(EFH+,O) either has the same admissible sets as
O or strictly more admissible sets. We determine now exactly which new norms
it acquires. If O is any N∞-operad for the group H , then the coinduced operad
FH(G,O) is an N∞-operad for the group G, and we have the following:
Proposition 5.5. MapG(EFH ,O) ≃ FH(G, i
G
HO) as N∞-operads.
Proof. We have a zig zag of maps of operads
MapG(EFH ,O) MapG(EFH ,O)× FH(G, i
G
HO) FH(G, i
G
HO)
given by the projection maps. It follows that if, for all n ≥ 0, MapG(EFH ,O)n
and FH(G, i
G
HO)n are universal G × Σn-spaces for the same family of subgroups,
then both projections are equivalences.
Let Un be the category of universal (G×Σn)-spaces EF for F a family of graph
subgroups of G×Σn. It is an immediate consequence of Elmendorf’s theorem that
Ho(Un) is equivalent to the poset of families of graph subgroups of G × Σn, via
inclusion. Therefore, if E ∈ Un, then E is a universal G× Σn-space for the family
of subgroups given by the union of families F having the property that there is a
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G × Σn-equivariant map EF → E. For MapG(EFH ,On), by adjunction there is
such a map if and only if there is a map
EF × EFH → On
Since EF × EFH ≃ E(F ∩ FH×Σn), this happens if and only if
F ∩ FH×Σn ⊂ FOn
One may show that FH(G, i
G×Σn
H×Σn
On) ∼= FH×Σn(G × Σn, i
G×Σn
H×Σn
On) so that there
is a G× Σn-map
EF → FH(G, i
G×Σn
H×Σn
On)
if and only if there is a map
iG×ΣnH×ΣnEF → i
G×Σn
H×Σn
On
by adjunction. One checks easily that these are the following universal H × Σn-
spaces
iG×ΣnH×ΣnEF = E(Γ ⊂ H × Σn : Γ ∈ F)
iG×ΣnH×ΣnOn = E(Γ ⊂ H × Σn : Γ ∈ On)
Hence the map above exists if and only if
{Γ ⊂ H × Σn : Γ ∈ F} ⊂ FOn
Since FOn is a family and in particular closed under subconjugates, this happens
if and only if
F ∩ {Γ ⊂ G× Σn : Γ is subconjugate to H × Σn} ⊂ FOn
It therefore suffices to observe that
FH×Σn = {Γ ⊂ G× Σn : Γ is subconjugate to H × Σn}

Corollary 5.6. For any K ⊂ G, a K-set T is admissible for MapG(EFH ,O) if
and only if for all g ∈ G, igKg
−1
H∩gKg−1T is admissible for O. In particular, if i
G
HO is
genuine H-E∞, then MapG(EFH ,O) is genuine G-E∞.
Proof. It is clear that if K ⊂ H , and T is a K-set, then iGHO admits T iff O admits
T . Now we apply the previous proposition and Proposition 6.16 of [5]. 
In the case where iGHO is genuine G-E∞, we have the following generalization of
Theorem 6.26 of [5].
Corollary 5.7. Let R ∈ SpG be an algebra over an N∞-operad O such that i
G
HO
is a genuine H-E∞-operad, and let E ∈ Sp
H. If LE(−) preserves H-commutative
rings, then LG+∧HE(R) is a G-commutative ring. In particular, if R is an O-
algebra such that iGHO is genuine H-E∞, then F (EFH+, R) is a G-commutative
ring.
Proof. Note that F (EFH+, R) ≃ LG/H+(R) ≃ LG+∧HS0(R), so that the second as-
sertion follows from the first. For the first assertion, we simply combine Corollaries
5.4 and 5.6. 
Example 5.8. L
N
C
2k
C2
ER(n)
sends O-algebras to C2k -commutative rings for all n
and k.
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